A REMAINDER ESTIMATE FOR WEYL'S LAW ON 

LIOUVILLE TORI 



HUGUES LAPOINTE 

Abstract. The paper is concerned with the asymptotic distribution of Laplace 
eigenvalues on Liouville tori. Liouville metrics are the largest known class of 
integrable metrics on two-dimensional tori; they contain flat metrics and met- 
rics of revolution as special cases. Using separation of variables, we reduce the 
eigenvalue counting problem to the problem of counting lattice points in certain 
planar domains. This allows us to improve the remainder estimate in Weyl's 
law on a large class of Liouville tori. For flat metrics, such an estimate has been 
known for more than a century due to classical results of W. Sierpihski and 
J.G. van der Corput. Our proof combines the method of Y. Colin de Verdiere, 
who proved an analogous result for metrics of revolution on a sphere, with the 
techniques developed by P. Bleher, D. Kosygin, A. Minasov and Y. Sinai in 
their study of the almost periodic properties of the remainder in Weyl's law 
on Liouville tori. 



1. Introduction and main results 

1.1. Liouville tori. A Liouville torus T = R 2 /(aiZ © a 2 Z) is a two-dimensional 
torus with the metric 

(1.1.1) ds 2 = (C^i(gi) - U 2 (q 2 ))(dqj + dq 2 2 ), 

where Ui(q{) > U 2 (q 2 ) > are smooth periodic functions on R, satisfying Ui(qi + 
— Ui(qi) for all qi G R, % = 1,2. For simplicity, we assume that a\ = a 2 = 1, 
but all the proofs work for arbitrary aj > 0. 

Definition 1.1.2. Let Q be the set of pairs of functions (Ui, U2), satisfying the 
following conditions for i = 1,2: 

(1) Ui G C°°(R). 

(2) Ui(q + 1) = Ui(q) for all q G R. 

(3) The function U has exactly one minimum and one maximum in [0, 1), 
both nondegenerate. 

(4) U x {q x ) > U 2 {q 2 ) for any q u q 2 G R. 

If a Liouville torus T admits a finite group of translations G leaving the metric 
invariant, we may consider the quotient T/G. Such tori are called infra-Liouville 
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and were considered in [17J. Our results hold for infra-Liouville tori under some 
additional assumptions, as shown in section 



1.2. Weyl's law. The Laplacian on T is given by 

i f d 2 d 

A = --— — - - ^ + 



Ui(qi)-U 2 {q 2 ) \dqf dql 

Its spectrum consists of an infinite sequence of eigenvalues 

= A < Ai < A 2 < A 3 < ... < A„, <...-»• oo 

of finite multiplicity. The corresponding eigenfunctions are smooth and form a 
basis in L 2 (T). The spectral counting funtion is defined by 



N(X) = #(0V^ < A}), 

where each eigenvalue is counted with its multiplicity. According to Weyl's law 
(see PQ[13]), the following asymptotic formula holds on any compact surface: 

\2 

R(X) = N(X) - — Area(T) = 0(A) 

4:71 

The function R(X) is called the remainder term. The estimate 0(A) is sharp and 
attained on a round sphere, since the spherical harmonics have high multiplicities. 
However, it can be improved under certain assumptions on the surface. For 
example, if the set of directions of periodic geodesies has Liouville measure zero 
in the unit cotangent bundle, it is shown in [8] that the remainder is of order 
o(A). This result has been extended to surfaces with boundary in [11] . Also, 

R(X) = O (t^x) f° r ne g a ti ve ly curved surfaces (see |2j), and it is conjectured 
that for generic surfaces of negative curvature R(X) = 0(A e ) for any e > (see 
P-0). 

For a flat square torus, R(X) is the difference between the number of points 
of Z 2 lying inside a circle of radius A in M? and the area of the disk bounded 
by this circle. Gauss's bound was 0(A) and Sierpihski improved this estimate 
to 0(A 2 / 3 ) in This result can be obtained by smoothing the characteristic 
function of the domain and applying the Poisson summation formula (see [T6]). 
A generalization of this method, applied to higher dimensional cases, is found 
in [5]. It has been shown recently (see [91 [10]) that the remainder in the circle 

131 18627 

problem is of order 0(Aao8 (log A)"s32tr). But we are still far from proving Hardy's 
conjecture that the bound 0(A2 +e ) should hold for any e > 0, which would be 
optimal on the polynomial scale. 

The upper bound on R(X) can also be improved for certain surfaces whose 
geodesic flow is completely integrable. Colin de Verdiere showed in [H] that, for 
a generic convex sphere of revolution, the remainder is of order 0(A 2 / 3 ). 
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1.3. Main results. On a nondegenerate Liouville torus T, we estimate R(\) by 
representing the eigenvalues as lattice points in a planar domain. This corre- 
spondence, described in section [2731 and proved in [12], relies on the separation of 
variables and the asymptotic analysis of Sturm-Liouville problems. Certain tech- 
niques used to count points inside homothetic domains are then applied to bound 
R(X). The conditions required for a Liouville torus to qualify as nondegenerate 
will be explained in section 12.21 
Our main results follows. 

Theorem 1.3.1. The spectral counting function of a nondegenerate Liouville 
torus admits the following bound on its remainder term: 

R(\) = 0(A 2/3 ). 

Theorem 1.3.2. The set of nondegenerate metrics is dense in the set Q (see 
Definition \l . 1 . fy) in the Whitney C°° -topology. 

In sections H] and [5], we show that analogous results also hold for nondegenerate 
tori of revolution and infra-Liouville tori. 

Remark 1.3.3. Nondegenerate metrics actually form a set of first Baire category, 
hence they are not generic. This can be deduced from the results of sections 13.41 
and 13.51 

Remark 1.3.4. It is conjectured in [2] that the remainder term of any Liouville 
torus is of order 0(\2 +e ) for e > arbitrarily small. Note that in the particular 
case of a flat square torus, it is equivalent to Hardy's conjecture for the Gauss's 
circle problem. 

2. Eigenvalues of a Liouville torus 

In this section we review the known results regarding the geodesic flow and the 
eigenvalues of Liouville tori, obtained in [3], [I] and [T2] . 

2.1. Integrability of the geodesic flow. We study the geodesic flow on the 
cotangent bundle of T by introducing the Hamiltonian H(p, q) : T*(T) — > M, 

Ui(qx) - U 2 {q 2 ) 

The hamiltonian system defined by H(p, q) is integrable since it has the following 
additional first integral 

S( v a) - U2{q2) v 2 + Ul{qi) v 2 

The Poisson bracket {H, S} is identically zero so that the integrals H and S 
are in involution. On a fixed energy level set we can write H(p, q) = L 2 and 
S(p, q) = cL 2 for two constants L and c. We define 

Ci = max UAx) = UAMi), c 2 = min UAx) = UAmi), 

0<x-<l 0<x<l 
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h(L,c) 



c 3 = max U 2 (x) = U 2 (M 2 ), c 4 = min U 2 (x) = U 2 (m 2 ). 

0<x<l 0<x<l 

and assume that the second derivative of the U{ functions does not vanish at their 
respective critical points. Since 

p\ = {U x { qi ) - c)L\ p 2 2 = (c-U 2 (q 2 ))L 2 

the action variables are given by 

L Jo(Ui(n)-c) 1/2 dqi ifc 4 <c<c 2 
L Iu l{qi) >c( U M - c ) V2 ^i if c 2 < c < Cl 

I (L c) = l L -W)< c(c ~ ^(9 2 )) 1/2 ^2 if c 4 < c < c 3 
\Lj^c-U 2 (q 2 )) l ^dq 2 ifc 3 <c< Cl 

We shall write Fi(c) = ii(l,c) and F 2 (c) = I 2 (l,c). These functions define a 
curve 7 = (Fi(c), F 2 (c)) in the plane for c G [c 4 , ci]. Theorem 3.2 of [32] gives 
some informations on the functions Fi, which we repeat here, 

Theorem 2.1.1. The functions Fi satisfy the following properties: 

(1) Fi(c) is a continuous function that is strictly decreasing. Moreover, 
Fi(c) G C 00 ([c 4 ,c 2 )U(c 2 ,c 1 ]) andF^a) = 0,iY( Cl ) = -7r(-2t/;'(M 1 ))- 1 / 2 . 

(2) F 2 (c) is a continuous function that is strictly increasing. Moreover, 
F 2 (c) G C7°°([C4,C3) U (c 3 , Cl ]) and F 2 (c 4 ) = 0,F 2 '(c 4 ) = ^{2U' 2 \m 2 ))- l l 2 . 

(3) C/ose to their critical points, the derivatives of the Fi functions have the 
following asymptotics, 

hn/ F ! (c) , 1 r = (Vk))- 1 / 2 



lim 



C-S-C2 dc log I c — c 2 
dF 2 (c) 1 



-(-k'wr i/2 



c->-c 3 dc log I c — c 3 1 2 
Asymptotics for higher derivatives of Fi can be found by differentiating 
the previous expressions. 
(4) Fore G [c 4 ,c 4 ] ; the derivatives dFi/dc are different from zero. 

There exists a function G(a) such that 7 is defined in polar coordinates by 
p = G(a), < a < 7r/2, where 

G(o;) = (F 1 ( C (o:)) 2 + F 2 (r:(o;)) 2 ) 1 /2 

tan(a) = F 2 (c(a))/Fi(c(a)) 

We set 

«o = a(c 4 ) = 0, 

F 2 (c 3 ) 



ax = a(c 3 ) = arctan 
a 2 = a(c 2 ) = arctan 



Ft{c 3 ) 
F 2 (c 2 ) 
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a 3 = a(ci) = -. 

The function G(a) is studied in Theorem 6.3 of [12]. We repeat here their results, 

(1) G(a) G C^QO, -]). The tangent to 7 at the point with angular coordinates 
a>i is vertical and the tangent to 7 at the point with angular coordinates 
a 2 is horizontal. 

(2) G(a) e C°°([0, ai ) U (a x , a 2 ) U (a 2) f ]) 

(3) We have G<®(+0) = G(0) > 0, G(°>(f-0) = G(f) > and G«(+0) ^ 0, 
G?W(f-0)^0. 

(4) Close to the singularities at the angles «i and a 2 , the second derivative 
of G has the following asymptotics, 



d 2 G(a 
da 2 

(5) We have the following inequalities 



lim — — — (a — Qjj)(log la — aA) = const (i), i — 1,2 
a-tcti da 



M > G(a) > m > 0, for < a < | 

dG(a) 7T 

— < K, for < a < — 

da 2 

Note that this implies the existence of a constant 5 such that, for e > 0, 
(2.1.2) dist(7, (1 + 6)7) > 5e 

where dist(X, Y) is the Euclidean distance between two subsets X,Y of M 2 . 

2.2. Nondegeneracy conditions. In what follows, we will require some quan- 
tities to be irrational and difficult to approximate using rational numbers (see 
[T2l section 11]). 

Definition 2.2.1. A real number a is typical if there exists r > such that 

\k 2 \ log(l + |fc 2 |) r 

Given any r > 1, almost all real numbers satisfy the above inequality for some 
constant 5(a). Indeed, for k,n e N, consider the set 

S Kn = { x e [0, l]\3l eZ,\l- xk\ < {knlog{l + fc) T ) -1 } 

The set of typical numbers associated to the exponent r is the complement of 
f\n=i Ut=i Sk,n- The Lebesgue measure of Sk, n is lower than 2(nHog(l + A;) 1 ") -1 , 
and the measure of IJaS Sk,n is lower than 

+00 _ 



c 



n fclog(l + k) 1 



for r > 1 and all n. Thus the set Hn=L Ut=i ^k,n has measure zero and almost 
every real number is typical for the exponent r > 1. However, the set of typical 
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numbers is also of first Baire category since it is the denumerable union of nowhere 
dense closed subsets. 

Given a metric represented by (Ui,U 2 ), the curvature k(c) of 7 at a point 



(Fi(c), F 2 (c)) is given by ^^^2^3/2 ■ The only points where the curvature 
diverges are those corresponding to the singularities at c 2 and c 3 . Note that on 
the interval c G (c 3 , c 2 ), 

S{F';f' 1 -F';f' 2 ){c)= !\c-U 2 {q 2 ))^ 2 dq 2 [\u 1 (q 1 )-c)- 1 / 2 dq 1 

Jo Jo 

+ l\ui{qi)-c)-*l 2 d qi f\c-U 2 {q 2 ))- l ' 2 dq 2 
Jo Jo 

so k(c) cannot vanish there. 

Definition 2.2.2. The metric ds 2 = (U x (qi) — U 2 (q 2 ))(dq 2 + dq 2 ) on T is said to 
be nondegenerate if (Ui, U 2 ) e Q and the following conditions hold. 

(1) The curvature k(c) has a finite number of zeros on [04,03) U (c 2 ,ci\, each 
of first order. 

(2) If k(c) = 0, then F 2 '(c)/F x (c) is a typical number. 

(3) The numbers F 2 '(cj) / 'F{ '(cj) are typical for i = 1,4. 

ti{ Cl -U 2 { q2 ))-^dq 2 



F 2 '{c x )lF^{c x ) 
F^c^/F^c,) 



-27r(-2t/;(M 1 ))- 1 /2 
2n(2U' 2 \m 2 ))- 1 / 2 



(4) The numbers F 2 {cj) / F\(ci) are typical for i = 2,3. 

f \c2-U 2 (q 2 )y/ 2 dq 2 



F 2 (c 2 )/F 1 (c 2 ) 
F 2 (c 3 )/F 1 (c 3 ) 



tiiuM - c 2 y/H qi 

f \c 3 -U 2 (q 2 )y/ 2 dq 2 



H{u x { qi ) - C3 y/*d qi 

Such conditions are also required in Theorem 3.1 of [3]. 



2.3. Eigenvalues on a Liouville torus. The Laplace operator on T has the 
form 

A 1 / d 2 

U 1 (q 1 )-U 2 (q 2 ) \dq 2 + 8ql 
We associate to the first integral S(p, q) another operator, 



^ U 2 {q 2 ) d 2 UM) & 
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Ux{qi) - U 2 (q 2 ) dq 2 Ux{q x ) - U 2 (q 2 ) dq 2 
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For a given pair of integers m = (mi, m 2 ), with mi > and m 2 > 0, there is a pair 
of eigenvalues (E m , E m ) of (A, S). They correspond to solutions of the following 
periodic Sturm-Liouville problems, obtained after separation of variables, 



(2.3.i; 



*i + {EJJx - E m )^> 1 = 
*2 + (£ m - £ m f/ 2 )^ 2 = 



More precisely, E m is such that E m is the mi-th eigenvalue of the first equation 
and the m 2 -th eigenvalue of the second equation. Note that given E, the solutions 
E form an increasing sequence in the first case and a decreasing sequence in the 
second case of (12.3. ip . 

We set E m = A 2 and c = E m /E m . Theorem 6.1 of p] says that, for |m| 
sufficiently large, (E m , E m ) is the unique solution to the equation 



(2.3.2) 



$ (A,c) + $ 1 (A,c) + $ 2 (A,c) = 2tt 



mi + 1 



m 2 + 1 



where $ (A,c) = X(Fi(c), F 2 (c)) and |$ 2 (A,c)| < Const A 2 / 3 logA uniformly for 
c G [c 4 , C\]. The function $i(A, c) is of the form 

$i(A,c) = (0i(A,c),0 2 (A,c)) 

and the following bounds apply, depending on the location of (m 1 ,m 2 ) in the 
plane, 



0i (A, c) + (-l) mi f I < ConstA" 2 / 3 log A, 
0i(A,c)| < ConstA- 2 / 3 log A, 
0i (A, c)| < Const, 

2 (A,c)| < ConstA" 2 / 3 log A, 

2 (A,c) + (-l) m2 f I < ConstA" 2 / 3 log A, 



for c 2 + constA -2 / 3 < c < C\ 
for c 4 < c < c 2 — constA- 2 / 3 
in other cases 

for c 3 + constA" 2 / 3 < c < C\ 
for C4 < c < C3 — constA- 2 / 3 
in other cases 



|0 2 (A, c)| < Const, 

Note that for mi,m 2 > 0, each point of the form (2irki, 27r/c 2 ), /ci,fc 2 > can 
be written in four different ways as 2n ( [ mi 2 +1 ] , [ m2 2 +1 ] ) , the points lying on one 
axis in two, and the origin in a unique way. 
The following domains will be used later 



1,2,3 



Ai = {(p, a)|«j_i < a < ai,0 < p < G(a)}, 
A = A x U A 2 U A 3 

We consider A{ and A as subsets of M 2 , through the mapping (x, y) = (p cos a, p sin a) . 
Also, for a = (ai,a 2 ) G M 2 , we define the translated two-dimensional lattice 

T a = {(2vrA;i + a x , 2vr£; 2 + a 2 ) \(h, k 2 ) G Z 2 } 
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and, for D a subset of M 2 with rD = {(x,y) 6 M 2 |(r 1 x,r 1 y) G -D}, let 

iv (D, r) = jj(r a n rD) + ift(r a n r<9£>) 
+tt(r_ nrD) + itt(r_ a nr9£)) 

where D is the interior of D and <9.D its boundary. The function N a (D, r) counts 
the number of points in rD of two opposite translates of 27rZ 2 , giving a weight 
of | to those lying on the boundary of rD. 

3. Proofs of the main results 

In section 13.11 we explain the method used to count points in the domains 
rAi, i = 1,2,3, and obtain several bounds on the Fourier transform of domains 
bounded by the curve 7. Additional results required for lattice counting are 
collected in section 13.21 The proofs of Theorems 11.3.11 and 11.3.21 are contained in 
sections 13.31 and I3.4[ respectively. We show that nondegenerate metrics are not 
generic in section 13.51 

3.1. Regularization of the counting function. We follow the approach used 
in section 16 of [12]. Let if) be a positive function such that ip G Cq°(M.), supp if) C 
(—1,1), j R2 if)(^J x 2 + y 2 )dxdy = 1 and if) = 1 in a neighbourhood of 0. We will use 
the following cut-off function, ^ e (x, y) = e^ 2 ip(e^ 1 a/x 2 + y 2 ). We write ty(x,y) 
for ^\(x, y). Let xd be the characteristic function of the domain D, 

1 if (x, y) e D \ 3D 
Xn(x,y) = {\ if (x,y) G 3D 
else 

and N a (D,r) be the regularized function, 

N a (D,r)= (*r-^*XD)(r- 1 k)+ ^ (* r _ 4/ 3 * Xn^k) 

which is an approximation to N a (D, r). Note that the points for which XD{f~ l k) ^ 
(\I/ r _4/3 * XD)( r_1 ^) he at distance of order 0(r -1 / 3 ) from rdD. 
Using the Poisson summation formula we get 

N a {D,r) = ^y]co S ((a, k))x D (rk)^(r- l ^k) 

Since *&(0) = 1 and Xd(0) = Aiea(D), the term corresponding to k = is 
Ar ^ 2 D V 2 . If k 7^ 0, Stokes' formula gives, 

Xo{rk)= / e- ir ^ + y^dxdy = <L - (k 2 dx - hdy) 



We have that *&(r l ^k) depends only on r 1//3 |fc| and is rapidly decreasing as its 
argument tends to infinity However, the only bound needed is 

\^(r^ 3 k)\ < %— rr 

1 v 71 _ (1 + r" 1 /3|A;|)^ 

for a fixed v > 2. Under some restrictions on 3D, we want to obtain 



r f p- ir i xk ^+v k 2) 

(3.1.1) y^cos{{a,k))^{r-^k) i ———(k 2 dx-k 1 dy) = 0(r 2 / 3 ) 

27r JdD («i + « 2 ; 

so that 



iV a (Ar) = ^Pr 2 + 0(r 2 / 3 ) 



and 



N a {D,r- xr~ 1/3 ) < N a (D,r) < N a (D,r + xr~ 1/3 ) 
for k sufficiently large and D star-shaped with respect to the origin, implies 

N a {D,r) = ^^r 2 + 0(r 2 / 3 ) 

This estimate is required in the proof of Theorem 11.3. 1[ where the region D 
considered is either A or A iy with % = 1, 2, 3. 

Note that the choice e = r _4//3 is optimal with this method, since taking the 
exponent —4/3 + 5 instead would give at best a remainder of order 

Area(.D) 



2tt 2 



(( r + xr -V3+5)2 _ ( r _ xr -V3+<5)2) + (r 2 / 3 - 5 / 2 ) 



= 0(r 2 / 3 (r 5 + r- 5 / 2 )) 

We separate <9.D in several pieces, and consider each of them separately. In 
particular, suppose dD contains some parts of 7. We reparametrize the curve 7 
from (Fi(c), F 2 (c)) to (t, f(t)), with t G [0, Fi(c^)]. We use a partition to study / 
on distinct intervals [tj,tj + i], where tj is an increasing sequence with i — and 

tm+l — Fi{c4j, 

m 

[0,iMc4)] = |jM;+i] 

j=0 

and require that /(*) G C°([^-, ^ + i]), /(*) G C°°{(tj, t i+ i)) and /"(t) ^ for 
£ G The function /(£) is singular at iq(c2) and ^1(03), since 

1 {t) - F[(m and 1 {t) fMW< 

Here, the derivatives of the Fi functions are taken with respect to the c variable. 
We assume that the nondegeneracy conditions of Definition 12.2.21 are fulfilled by 
the metric. The points tj will be the singular points of f(t), the first order zeros 
of /"(£), where f'(tj) is a typical number, and the ends of 7, and Fi(ci). 



Given a piece of 7, corresponding to the interval [tj, tj +1 ), let 

E = {(h,k 2 ) e Z 2 \(kt + f{s k )k 2 ) = o,s k e (tj,t j+1 )} 

Since f'(t) is monotone on (tj,tj + i), s k is well defined for each k e E different 
from zero. We treat the cases of k ^ E and k G E separately. 

Theorem 3.1.2. The following bound holds 

e -ir(tAi+/(t)fe 2 ) 



r -i/3|jfe|)» 



■j+i 



(kf + kl) 



ik 2 -k 1 f(t))dt 



0(r 



2/3 \ 



Proof. For k ^ E, we can integrate by parts, 



p-ir(tfei+/(t)fe 2 ) 



(^1 + ^2, 



-{k 2 -k x f\t))dt 



(3.1.3) 



1 



(* 2 - k x f{t)) 



-ir(kf + k 2 2 ) (h + k 2 f'(t)) 



-ir(tki+f(t)k 2 ) 



-IT 



f"(t) 



(kl + k 2 f'(t)f 

if both f'(tj) and f'(tj + i) are typical numbers. The contribution of the first term 
on the right hand side of (I3.1.3P will be bounded by 



(3.1.4) 



1 



r(k\ + kl) 



k 2 - hf(t 3+1 ) 



+ 



h + k 2 f'(t j 



h + k 2 f'(t j+1 ) 

Since /"(£) is of constant sign on (tj,tj + i), we can integrate the absolute value 
of the integrand and bound the last term of (13.1.31) by 

(3.1.5) 1 m)-m +l ) 



(*i+fe/'(«j))(*i+fe/'(t j+ i)) 

Summing over k E, after multiplying each term by the weight w^p=Tm^yi > we 



get a contribution of maximum order 

y 1 

^ (1 + r 



En 
,,,,, (l + r-VSn)" 

= 0(r 2 / 3 ) 



log(l + n) 



If or is equal to Fi(c 2 ) or -Fi(c 3 ), we must be careful with the integration 
by parts because f'(Fi(c 3 )) diverges and f'(Fi(c 2 )) = 0. We study only the case of 
tj = Fi(cs) since the others are equivalent. The difficulty appears when handling 

10 



the pairs (k 1: k 2 ) for which k 2 = 0. We know that the following asymptotic holds 
for t near enough tj, 

M\og(t - tj) < f'(t) <m\og(t - tj) 
We deduce that for e small enough, 

,elog(e) 



tj+e g— irkit 



f'(t)dt 



< -c 



and, using integration by parts, we also have 



tj+i g— irkit 



f'(t)dt 



< -C 



N 

}og(j 
rk\ 



We choose e = (r|fci|) 1 so that the contribution of these terms is bounded by 

C log(rra) 



^ n 2 (l + r-^n) 1 

n=l v ' 



C(log(r)) 



□ 



Theorem 3.1.6. The following bound holds 



keE v 



+ r -l/3|jfc|)» 



e -ir(tfci+/(t)fc 2 ) 



(k 2 - hf'(t))dt 



( r 2/3) 



Proof. For A; e -E 1 , if &i + k 2 f'(sk) = 0, by definition G (tj,t j+ i). In these 
cases we must use an approach similar to the stationary phase method to get an 
asymptotic as r — > +oo. The stationary phase formula works for the integration 
of functions in C^°(R), so that we cannot apply it directly here. Instead, we 
integrate separately on subintervals of (tj,tj +1 ) depending on r. The main term 
will correspond to the one given by the stationary phase but the error term will 
be easier to estimate. We integrate by parts on (tj, s^) and (s k ,tj +1 ), 

ftj+i e -ir(tki+f(t)k 2 ) 

- %r \ m I v.2\ (k 2 -k 1 f(t))dt 
Jti 



(3.1.7) 



lim 



(kf + kl) 

tj+i 



-ir{tk 1 +f{t)k 2 )_ 



f"(t) 



s k +e 

e -ir(tk 1+ f(t)k2) ), 2 _ kj'(t) 



(h + k 2 f'(t)) 



-dt 



\Sk-e 



+ 



Note that 



(kl + k 2 2 ) h + k 2 f'(t) \ H i 
d fk 2 -hf'(t)\ (kf + k 2 2 )f"(t) 



tj+i \ 



dt \h + k 2 f(t)J (h + k 2 f(t)f 
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so we can write (I3.1.7P as 
(3.1.8) 



lim f / + / " I l c -ir{tk 1 +f{t)k 2 ) c -ir(s k M+.f(s k )k 2 )\ fa 

^\J ti J Sk+€ J y \ kl + k2 f'(t)y 

( e -ir(tkx+f(t)k 2 ) _ e -ir(s k k 1+ f(s k )k 2 )j ^ _ ^f,^ 

Since k\ + k 2 f'(t) has only a first order zero at s k 



e -ir((s k +e)k 1 +f(s k +e)k 2 ) _ e -ir{s k k!+f(s k )k 2 ) 

nm ; ; — tt, \ = 

e->o ki + k 2 f'(s k + e) 

and we can put e = in the second term of (13. 1.8ft . Its contribution will then be 
bounded by (13.1.41) and we can proceed as in the case of k ^ E. 

It now suffices to bound the first term of A3. 1 .8j) . which we write, after dividing 

by e~ ir<KSkkl+ ^ Sk ^ k2 \ as 

( e -irk 2 f"(s k ) (t ~ s 2 k)2 h k (t) _ jll^ 



(t - s k ) 2 (k 2 g k (t)f"(s k )y 

for th + f(t)k 2 = (Skh + f{s k )k 2 ) + k 2 f"{s k )^f^h k {t) and k x + k 2 f'(t) = 
k 2 g k {t)f"(s k ){t — s k ). Note that the integrand will be a continuous function, 
since it has a limit as t — > s k . We also have 

. m = J(t)-f(s k )-f'(s k )(t-s k ) = X(t-u)f"(u)du 

kU f"(s k )(t- Sk y /"(**)(* -**) 2 

and 

1 /■* 

f"{s k )(t- s k ) J Sk 

Our assumptions on f"(t) at the points tj and imply the existence of H 
such that < 1/H < g k , h k < H in the intervals t G [s k — a k , s k + a k ], forkeE 
and 



(3.1.9) a k = -mm{s k -tj,t j+1 - s k } 



1 
2 

A justification of this claim is contained in Lemma 13.1.171 We define a function 
B on k G E, 



(3.1.10) B(k 1 ,k 2 ) = af\k 2 f"(s k )\' 1 

It will be used to separate in two parts the sum in Theorem I3.1.6[ depending on 
the value of r. 

12 



Using the estimate \e z — 1| < e c \z\ for \z\ < C, we deduce that for r > B(ki, k 2 ) 



I 

J Si 



s k +\rk2f"(s k )\-? 



Sk-\rk2f"(s k )\-1 



_ irte /"( Sfc )C«z|fcL hfc ( t ) 



1) 



/"(*) 



.*+|rfc 2 /"(- fc )|-' r|A: 2 r(g fe )l(^-g fc ) 2 
s fc -kfc 2 /"( Sfc )|-2 2 



\f"(t)\dt 



dt 



(hf"(s k )(t- Sk )y 



< e H H 4 



a/2 



(3 - L11) ^ " \klf"{s k )\^ 

since (k 2 f"(s k )(t - s k )) 2 < H\k x + k 2 f'{t)f and 



s k +\rk 2 f"{s k )\-? 
»fc-|rfa/"( Sfc )ri 



f{s k + \rk 2 f(s k )\- k z) - f\s k - \rk 2 f"(s k )\-*) 
<2H\f\s k )\^\rk 2 \-^ 



Also 



/ 



s k -\rk 2 f"(s k )\-? 



^ e -ir(tki+f(t)k 2 ) _ e -ir(s k k 1 +f(s k )k 2 )^ 



fit) 



+ 



tj+i 



s k + \rk 2 f"{s k )\-? 



< 



^ e -ir(tki+f(t)k 2 ) _ e -ir(s fe fci+/(s fe )fc2)^ 



(h + k 2 f'{t)f 
fit) 



(h + k 2 f(t)y 



dt 



dt 



k 2 (h + k 2 f'(t)) 



\s k -\rk 2 f"{s k )\-? . |^+i 



+ 



s k +\rk 2 f"(s k )\-? 



(3.1.12) 



< 2 



4H 



,1/2 



\klf"{s k )\V* 



We have obtained a bound for large enough r, on each individual term of the 
summation over k G E. However, if we are to work with a fixed r, we must 
also have a bound for the terms such that r < B(k\,k 2 ). This is equivalent to 
a k < \rk 2 f"(s k )\~ l l 2 . In these cases 



-irk 2 f"(s k ) 



"fc. \ < - t - s kY 



h k (t) 



1) 



f(t) 



(fcl + fc 2 /' (t)) 2 



dt 



(3.1.13) 



and 



(3.1.14) 



+ L 

'j J s k +a k 

< 



< 2 



/-ir(tk 1 +f(t)k2) _ e -ir(s k k 1 +f(s k )k 2 )j 



f"(t) 



(h + k 2 f(t)) 



-dt 



k 2 (h + k 2 f'(t)) V*> 



s k —a k , \tj+i \ 
U ' \s k +a k ) 



(k l + k 2 f'(t j ))(k 1 + k 2 f'(t j+1 )) 



+ 4H 



k 2 2 a k \f"{s k )\ 



Lemmas 13.1.151 and 13.1.161 complete the proof of Theorem 13.1.61 



□ 



Lemma 3.1.15. We have the following bound on the sum over k G E satisfying 
r>B(k,,k 2 ), 



E 



r>B(k!,k 2 ) 



tj+i e -ir(tki+f(t)k 2 ) 



{k 2 -k X f{t))dt 



(kj + kl) 

= 0(r 2 / 3 ) 

Proof. We know from (13.1.111) and (13 . 1 . 12[) that we need only to bound 



E 



,1/2 



(l + r -^\k\y\klf"(s k )\^ 



r>a-^\k 2 f"(s k )\- 

since the calculations made for the case k ^ E can be applied to the sum over 

. For a given compact interval /3 2 ] with pi > 0, the 



(f'(t J )-f(t J+1 )) 



(ki+k2f'(t j ))(k 1 +k 2 f'(t J+1 )) 

contribution of the pairs (ki, k 2 ) such that ki + k 2 f'(s k ) = and \ f"{s k )\ G [fix, f3 2 ] 
will be bounded, for some C > 0, by 



+oo 1 C'k2 

c 1/2 y- 1 

II.J3/2 



1 



fe 2 = 



,|k|3/2Z-, (1 + r -l/3| fc |). 



( r 2/3) 



Now suppose fit) vanishes at tj. Since the curvature admits only zeros of 
first order, we will obtain for some e 

int)i>ei/'(*)-/^i)r 

if < t — tj < e. Since f'(tj) is typical, we also have 



ki 



+ f'itj) 



> 



S 



fc 2 2 log(l+N)^ 



The contribution of the terms such that s k — tj G [0, e] will be bounded by 



,1/2 



E 



C 



; \k 2 \^\\ + r-^k 2 y 



Lfc 2 |/'fe+e)-/'fe 

E 



n=0 
14 



n 

+ — 



k 2 2 log(fc 2 + l) r fc : 



-1/4 



< CV^g log(l + A; 2 r/ 4 



Note that 



and 



51/4 j^i fc 2 (l + r-VSjfej)" 

+ r ^|A; 2 | 5 /4(i + r ~i/3 A;2 ) ! , > / u i/4 

= 0(r 2 / 3 ) 

^ log(l + k 2 y' A f + °° log(l + u) r / 4 efa 

k/1 _L r - 1/31. V - 



' k 2 (l + r- l ^k 2 ) u ~ J 1 «(l + r-V3 u ) 



fe 2 

-1/3 



log(1 + M)T/4 ^-0(log(r)^) 



We also have 



r i/ 3 u(l + r^/Su)" 

±^ 1 /■^|/'fe+6)-/'fe)| du 



| /* 

E |A; 2 |5/4(l + r -i/3A; 2 )^y o 



' 1 |fc 2 | 5 /4(l +r -l/3fc 2 )'' i / «V4 



fc 2 

+oo ^ 

- C H n i/2( l + r -i/3 n y = °( rl/6 ) 

?1=1 V ' 

The function f"(t) diverges at t — i*i(c 2 ) and t = i*i(c 3 ). We will study the 
case of Fi(c 3 ), as the other one is equivalent after swapping the axes. Suppose 
that the singular point is at tj. When t — tj is small enough, 

Mlog(t - tj) < /'(f) <m\og(t - tj) 

and 

mit-tjy'KlfWlKMit-tj)- 1 
for some < m < M. We deduce 

\f"(t)\>meM-M- 1 f'(t)) 

The contribution of the terms for which sj, is near ^1(03) will then be bounded 
by 

1/2 V 1 V ^(-feiC 2 ^)" 1 ) 

r t^i i^i 372 i^o ml/2 ^ + r ' i/3 \ k \y 

^ Cr 1 ' 2 ^ (1 + 2Mk 2 ) 
~ |A; 2 | 3 / 2 (1 +r^k 2 y 

= 0(r 2 / 3 ) 

Similar bounds hold if we consider f J+1 , so the sum is of order 0(r 2 / 3 ). □ 

15 



Lemma 3.1.16. We have the following bound on the sum over k G E satisfying 
r < B(k 1 ,k 2 ), 



E 



r<B(k 1 ,k 2 ) 



(i + r- i /*\k\y 



tj+i e -ir(tk!+f(t)k2) 



{k 2 -kif{t))dt 



(kf + kl) 

= 0(r 2 / 3 ) 

Proof. We use (13.1. 13j) and ( 13.1.14)) so that it suffices to bound 

E 



(l + r -^\k\ykla k \f"{s k )\ 



a k <\rk 2 f" (Sfc)l- 1 / 2 

If m < < M near ^- and /'(tj) is typical, then 



2Ma k >\f(s k )-f(t j )\ 



+ f(ti) 



> 



5 



A; 2 2 log(l + N)- 



Suppose f"(t) vanishes at tj. Since the zeros of f"(t) are of first order, m(t—tj) < 
\f"(t)\ < M(t-tj) near this point. Then \ f"{s k )\ > 2ma k and the fact that f'{t) 
is typical at a zero of f"(t) also implies 



2Mal>\f(s t )-f(t j )\ 



1 + ™ 



> 



fc 2 2 log(l + |fc 2 |)- 



If tj = Fi(c 3 ), f"(t) diverges like (t — tj)^ 1 so a k \f"(s k )\ is bounded from below 
by a strictly positive constant when s k approaches tj. Similar bounds hold if s k 
is near Fi(c2). We deduce 

1 



E 



a k <\rk 2 f"(s k )\-^ 

" Clog(l + A; 2 ) T 



- Yl (l + r-Vs/,,) 
fc 2 =i v ' 



(l + r-V3\ k \y k ja k \f"{s k )\ 
C 



E 



( r 2/3) 



(l + r -l/3|jfc|)^ 



□ 



Lemma 3.1.17. There exists H > stzc/i i/iai i/ie functions 



9k(t) 



f"(u)du 



**k 



and 



h k {t) 



f"(s k )(t-s k ) 

2 £(* -«)/>)** 



f"(s k )(t-s k f 

admit the bounds < 1/ H < g k , h k < H in the interval t G [s* — a^, + a k \, for 
k E E. We recall that k\ + /c 2 /'(sfc) = and a k = \ minjsfc — tj, t?+i — s k }. 
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Proof of Lemma 3.1.11. The result is clear if we fix a compact interval [Tj, C 
(tj,tj + i) and consider the case of k such that s k G [Tj,Tj +1 ]. We are left to 
study the ends of the interval (tj,tj+i). Suppose that f"(t) vanishes at tj, we 
have c(t — tj) < \f"(t)\ < C{t — tj) for (t — tj) sufficiently small and, assuming 
t e[s k - a k , s k + a k ], 

c . , 3C 

2C < 9kit) < ^ 

with the same bounds for h k (t). Now suppose that tj = Fi(cs), we know that in 
this case we have 

cQt-t^KlfWlKCit-tj)- 1 

and we deduce that 

2c . . 2C 
3C < 9kit) < ^ 

with the same bounds for h k (t). The same arguments can be applied for tj = 
Fi(c2) or at tj + \. This shows the existence of uniform bounds on g k ,h k for 
keE. □ 

3.2. Lattice points near straight lines. Our previous calculations dealt with 
integrals taken over the curve 7. The boundaries of the domains considered in 
the proof of Theorem 11.3.11 also contain straight parts. We will need the following 
results to complete our study of N a (r,D). Note that ^ is the cut-off function 
introduced at the beginning of section 13.11 

Theorem 3.2.1. If u is a line segment emanating from the origin, that has finite 
length, with rational or typical slope, then 



z ^rcos((a,A;))^(r- 1 / 3 A;) / — - 2 — (k 2 dx-k 1 dy) = 0{r 2 ^) 

Mo Ju ^ + k2 > 

Proof. We first suppose that u is rational and given by (pt, qt) for t G [0, £] and 
some p, q G Z. The summation over k 7^ is divided in two parts. The first part 
contains the terms such that pk\ + qk 2 = 0. Since ^(r _1 / 3 /c) depends only on 
r _1 / 3 |A;| and the terms of the sum are antisymmetric in k, 

rt g— ir(pki+qk2)t 

V rcos((a,/c))^(r- 1/3 A;) / 2 {pk 2 - qk{)dt 

P k 1+qk2 =o J Q ^1 + ft 2J 

k^O 

pkl +qk 2 =0 \ 1 2 > 

The other part contains (k\,k 2 ) such that \pk\ + qk 2 \ > 1, and is bounded in 
absolute value by 

r ft p -ir(pki+qk2)t 



(l + r -l/3|jfe|)» 



-(pk 2 — qki)dt 



(kf + kl) 
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< 



E 



pfci+(jfc 2 ^0 



(l + r-V3|A;|)^|A;| 2 



< C 



+00 



du 



pk 2 - qki 
ph + qk 2 

( r V3) 



'l + r -i/3 u y 

If oj is represented by (t, at), with £ G [0, £] and ct a typical number, we have 

g— ir(fci+afc 2 )t 



E 



|fci+afc 2 |>l 



1 + r -V3 



< 



E 



2 1 H) 



\k 2 — ak\ 



;i + r -i/3\k\)» (kj + kj) 



-(k 2 — atkijdt 



( r l/3) 



|fei+afc 2 |>l 

Since a is typical, we also have the following upper bound, 

ft —ir(ki+ak,2)t 



E 



|fci+afc 2 |<l 
k^O 



(l + r -l/3|^|)- 



Jo ~M 



< 



E 



2 + fe 2 ) 

k 2 — ak 



(k 2 — aki)dt 



|fcl+ofc 2 |<l 
k^O 



[l + r -i/3\k\y\k\< 



ki + ak 2 



< 



y^ ClQg(l + 7l) T 



^(r 1 / 3 log(r) T ) 



n=l 



□ 



+ r L / i n) 

for C sufficiently large. 

Lemma 3.2.2. If u is a ray of length r > 1, with rational or typical slope, then 

${v G T a |0 < dist(u,a;) < r~ 1/3 } < Cr 2/3 

for some C > which depends on a and the direction of u. 

Proof If the slope is rational, u is contained in ui = {{pt,qt)\t G M} for some 
(p, q) G Z 2 . In this case, there is a minimal distance between oj and the points of 
the lattice T a not in Co. Thus the existence of the bound is clear. 

Suppose the slope is typical and that 00 is represented by (£cos#,tsin6?) with 
tan# a typical number and t G [0,r]. Let B be the set of points in M 2 which are 
at a distance of less than 2r~ 1//3 to u, and xb the characteristic function of B. It 
suffices to bound 

E (*r-V3*XB)(fc) 
feG27rZ 2 +a 

which, by the Poisson summation formula, is equal to 
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The term corresponding to k = is the area of B, which is 4r 2 / 3 (l + ixr 4 / 3 ). If 

e -i(xki+yk2) 

Tqb kf + k\ 

g— it(cos 9k\+s\n6k2) 



iXB(k) = <p 2 2 (M^ - M?/) 



= 2sin (2r~ 1/3 (cos6»£;2 - sin6>£;i)) / p p (cos 9 k 2 - sin 9 k^dt 

Jo k 1 + K 2 

/6+7r g— i(— fe x sins+A;2 cos s) 
j2 71 ( — k.2 cos s + ki sin s)o?s 
/c 1 + k 2 

/9+tt — i(ki sin s— k-z cos s) 
p p (k 2 cos s - fci sin s)ds 
k\ + ^2 

The last two terms are of order r _1 / 3 |A;| _1 , so their contribution in the sum is 
bounded by a constant 



S Ifclfl 



-1/3 



i _ + r -l/3|jfc|)«' 



< c 



We must then bound the integrals on the parts of dB parallel to u. But 

g— it (cos 6fci+sin 6k2) 



-(cos 9k 2 — sin 9ki)dt 



< 



2 


cos 9k 2 


— sin 9ki\ 




cos#/ci 


+ sin 9k 2 \ 



and, since tan 9 is typical, their contribution is bounded by 

V - + T l0g(1+nr = 0(r^ hg(rY) 

^\k\(l + r-^\k\r + ^(l + r^nr 1 gU ] 



□ 



The following lemma estimates the variation of the total number of points from 
Z 2 + (0, ft and Z 2 — (0, ft, contained in the region {(x, y)\0 < x < r, < y < ax} 
of the plane, in function of ft The points lying on the x axis are given a weight 
off. 

Lemma 3.2.3. Let a be a typical number, and define the following function 



K(a,r,(3) 



r + 2J2 1<k<r [ak\ if Pel 

Ei< k <r (K + l~P\ + [ak + f3\) iffliTL 



for j3 G R. Then for some C a , r > and r sufficiently large we have 
\K(a, r, ft) - K(a, r, ft) | < C a log(r) 1+ - 

/or any ft, ft £ R- 
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Proof. We consider the function a(t) = [t\ — 1+ |, so that it is sufficient to show 



^2 <r(ak + P) 



Kk<r 



< C a log(r) 



l+r 



for all e R. 

Suppose a 6 lis irrational, then we can write a in a unique way as a continued 
fraction 

1 

a = ao H 



1 



Oi 



a 2 + 



1 



% H 

with aj G Z and Oj > for i > 0. Also, any sequence (a ; a 1; a 2 , a 3 , . . . ) respecting 
the previous conditions will represent an irrational number. The numbers {a n } 
are called the partial quotients of a. We define the convergents of a as 

p, i 

_ = ao + . 



ai + 



a 2 + 



1 



1 

+ — 



The denominators Q n can also be defined by a recurrence relation, Qo = 1, 
Qi = ai and Q„+i = a n+1 Q n + Q n _x for n > 0. 

Supposing r is an integer, let m be the largest integer such that Q m < r and 
consider 

b m \J" / Qm\ ! f DmQm ^m-1 

with 

(3.2.4) bj = [Nj/Qj\ , Nj = !>,(), + A, , 

for < j < m — 1. Note that iVj_i < Qj and Qo = 1, so iV_i = and 



Lemma 2.3.2 of [9 J shows 



KJfe<T 
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so it suffices to find appropriate bounds on m and bj using the fact that a is 
typical. We also know from Lemma 1.5.2 of [H] that 



a 



Pi 
Qi 



1 1 
< < — 

QjQj+i 2 j 



but since for any q > 



we deduce 



P 

a 

Q 



> 



8 



q 2 log(l + q) T 



<Q)\og{l + Q 3 ) T 



and that for any fixed e > 0, and C t > large enough 

< Qj < CeQj-i log(l + Q 5 _ x ) 



(3.2.5) {5y) 1/[2+e) 



(3.2.6) 



1 / /' 

m < log 

" log2 



2+e 



5 



Thus we are left to show that the sum ^ . bj is of order log(r) 1+r . Using (I3.2.4P 
and (13.2.51) we deduce 



Qm ._ Qj 



< a^io g (i + Q 3 y 

3=0 

< Clog(r) log(l + r) T 



□ 



3.3. Bound on the remainder term. Our results on lattice counting can be 
applied to the eigenvalue counting, using the correspondence established in sec- 
tion [531 with a precision of order 0(r 2//3 ). Note that the Riemannian volume of 
T and the Euclidean area of A are related in the following way 



i-Area(T) 



1 



(2ny 



dpdq = — Area(A) 



7T Z 



'H(p,q)<l 

This is justified by the fact that for < c < C2 the geodesic flow occur on 4 
distinct tori in phase space, corresponding to the possible signs of qi, q 2 , on which 
Ji, li take the same value. For C4 < c < C3 there are 2 tori, corresponding to the 
sign of <ji, however the flow induced by I2 has period 2 instead of 1. Thus the 
integration in the angle variables is doubled in this region. The case of C2 < c < c\ 
is similar if we consider q 2 and I\. The symplectic volume of the set satisfying 
H(p,q) < 1 in T*(T) is then 4Area(A). 
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Proof of Theorem \1.3.1[ Given r large enough, we can bound the difference be- 
tween R(r) and 2N (A,r) using equation (I2.3.2p . We know that to each pair 
(mi, 7722), with mi, m2 > 0, correspond a pair (A,c) which satisfies 



$o(A,c) + $ 1 (A,c) + $ 2 (A,c) = 2tt 



77l\ + 1 



77l 2 + 1 



Since $o(A,c) = A(Fi(c), F 2 (c)), our first approximation is to count the number 
of pairs (m 1 ,m 2 ) such that 



2tt 



mi 



m 2 + 1 



ErA = r(A 1 U A 2 UA 3 



which is given by 2N (A, r). Theorems I3.1.2[ 13.1.61 and 13.2.11 applied to the 
domain A show that 



N (A,r) - —Area(A) = 0(r 2 / 3 ) 
2n z 

By (I2.1.2p . and since we give a weight of \ to the points of T lying on the 
coordinate axes, we have 

(3.3.1) N (A,r — xr 

~ 1/3 ) < N Q (A, r) < N (A, r + xr" 1 / 3 ) 
for x sufficiently large, so that 

r r Area(A) = 0(r 2/3 ) 



N (A,r) 



2tt 2 



We are then left to show that the corrections, brought by $1 and $2, to this 
approximation generate an error term bounded by 0(r 2 / 3 ). 

The first discrepancies considered are the points 2n ( [ mi 2 +1 ] , [ m2 2 + ] ) for which 
the solution of f)2.3.2p satisfies |A(mi,m 2 ) — r| < Const, with |c(mi,m 2 ) — c 2 | < 
constA~ 2//3 or |c(mi, m 2 ) — c 3 | < const A~ 2//3 . In such cases, $1 and $ 2 are bounded 
by a constant independent of (A,c). The maximal number of such points is of 
order r 1//3 logr. Indeed, an interval of order r~ 2 / 3 in the c variable, around c 2 or 
C3, translates into an angular interval of order r _2//3 logr. This is verified using 
the asymptotics (3) in Theorem 12.1.11 (also Lemma 6.4 in [T2]). 

We then consider the points in rA\. In this case, the function $1 will induce 
a transformation from the lattice T to T^zl) and rm-i). Only points near the 
boundary 7, in (r + k)A\ \ (r — k)A\ for some x sufficiently large, might be 
affected by those corrections. Using Lemma 13.2.21 we can apply an inequality 
similar to (13.3.11) for A\. Thus 

^,2 



N a (A 1 ,r) 



2tt 



r Area(Ai) = 0(r 



2/3> 



for any a G 1R 2 . However, we must only count the points leaving or entering rA\ 
through r7 during the transformation of the lattice. Lemma 13.2.31 shows that 
log(r) 1+T points pass through the line (tFi^c^), 1F 2 (c3)), for t 6 R. This means 
that adding $1 (which is equivalent to shifting the lattice in the region rA\ 

22 



only) yields a correction of order at most 0(r 2 ^ 3 ). Since l^l < Const r~ 2 / 3 logr 
around r(p/ fl A\), $2 also changes the count by 0(r 2 / 3 ) only 

A similar argument holds in rA 3 , where we consider r^o) and r(_i )Q ), and rA 2 , 
where we do not have to change the lattice. We deduce that, for large enough r, 
the errors occurring in our first approximation 2N (A,r) are all contained in a 
0(r 2 / 3 ) term and that 

2 

R(r) - — Area(T) = 0(r 2 / 3 ) 
An 

□ 



3.4. Density of the nondegenerate metrics. Consider the set VL of pairs of 
functions (U\, U 2 ) satisfying the conditions described in Definition 11.1.21 We put 
on Q the topology induced by the Whitney topology of C°°(R/Z) x C°°(R/Z). 
Note that Q will be an open subset of C°°(R/Z) x C°°(R/Z). 

Proof of Theorem \1.3.2i We first show that the set of metrics satisfying the con- 
dition (1) of Definition 12.2.21 is open and dense. It is open since the curvature 
k{6) and its derivatives are continuous functions of Q. Any pair (U\, U2) can be 
approximated in Q by analytic functions, for example using their partial Fourier 
series. The curvature re(c) of 7 corresponding to a pair of analytic functions is 
also analytic. Since the curvature diverges at c 2 and C3, its zeros are located in a 
compact subset of [c 4 ,c 3 ) U (c 2 ,Ci]. We deduce that k(c) has a finite number of 
zeros, each of finite order. If some zeros are of order greater than one, we must 
modify slightly (U\, U2) to make them first order. Remember that the curvature 
vanishes if and only if (F 2 F 1 — F 1 F 2 )(c) vanishes, and that their zeros are of the 
same order. Suppose k(c) = and the order of vanishing is greater than one. It 
is sufficient to find U = (Ui, f/ 2 ) such that 



d 

de Ku +^ C) 



If c G [c 4 , c 3 ), we might take U 2 = and 



F 2 '(c) 1 3F^c" 



4 (U 1 (q 1 ) - c)3/2 8 (U x { qi )-cyi* 



so that 



F;(c) f 1 U 1 {q l )dq l 3F 2 \5) f 1 U^qjdq 



4 Jo (UM)-~cY 12 8 J - c)V2 

If c G (02, C\], we might take U\ — and 

3F[(c) 1 F'l(c) 1 



U 2 (q2 



{c-U 2 {q 2 )f/ 2 4 {c-U 2 {q 2 )fl 2 
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so that 

3i^(c) f 1 U 2 (q 2 )dq 2 F^(~c) f 1 U 2 (q 2 )dq 2 



7^0 



o (£-t/ 2 (g 2 )) 5 / 2 4 J (c-U 2 (q 2 ))W 

By taking e small enough, the zeros of K u+e fj in a neighbourhood of c will be 
of first order, where U + elf — (Lq + eU\, U 2 + eU 2 ). We deduce that the set of 
metrics for which (1) holds in Definition 12.2.21 is also dense. 

The last part of the proof requires to find a perturbation U of (Lq, U 2 ) so that 
the derivatives in e of the functions from conditions (2), (3) and (4), in Definition 
12.2.21 do not vanish. Assuming (1) is satisfied, we can keep track of each zero 
c = c(e) of K u+e fj. However, their variation does not influence the derivatives in e 
of F 2 '(c)/Fi(c). We might suppose that c\ and C4 are not zeros of k(c), and that 
Ui vanishes around the critical points of Ui, so the value of Cj remains constant, 
j = 1,2,3,4. We assume additionally that the image of supp(Lq) under Lq is 
close enough to <q and does not contain any zero of k. In the same way, the 
image of supp(£/2) under U 2 must be near C4 and not contain any zero of k. In 
this setting, we require 

Ju 2 ( q2 )<c (c - U 2 {q 2 )fl 2 y^i( ft )>c (^i(ffi) - c ) 3/ 

at each zero for condition (2). Also 

Uq2)dq2 ^0 and [\J liqi)dq '^0 



lo (ci - U 2 (q 2 ))^ 1 J {Uxfa) - a)W 

for condition (3), 



U 2 (q 2 )dq; 



2 



(Ux(qi) - c 3 fl 2 dq 



! ( Cj -U 2 (q 2 )y/*J 

+ / ( ,-, 2(?2) )^ 2 |_|^,o 

with j = 2, 3 for condition (4). We can obviously find such a pair (Lq, U 2 ). 

Then, for any zero c of k, the function (F 2 (c) / Fi (c)) (e) is a diffeomorphism 
between (—6, S) 3 e and an interval in R. Since k has a finite number of zeros 
and almost all real numbers are typical, the set of e for which (Ui + eUi, U 2 + eU 2 ) 
meets condition (2) is also of full measure. The same argument can be applied 
in conditions (3) and (4). We deduce that there is an e, as small as required, for 
which the metric given by (U\ + eU\, U 2 + eU 2 ) is nondegenerate. □ 



3.5. Limitations of the method. We cannot show that the 0(A 2 / 3 ) bound 
holds for a set of second Baire category of metrics, using these methods. This 
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would require that the following bound, assumed throughout section 13.11 holds 
for a in a subset of second Baire category in R, 
+00 _ _ 

0(r 2/3 ) for some v > 



V - — 

^ (1 + r-Vajfc)" fc||aA;| 



where ||a|| is the distance to the nearest integer from a. This is impossible since 
we can construct a denumerable intersection of open dense subsets of R in which 
it does not hold. Note that since 

r l/3 



^ 1 1 ^ 1_ y> 

(i + r -i/3M^ jfellafcll ~ ¥ ^ 



-j (1 + r - 1 /3jfe)i' fc||aife|| ~ 2 V k\\ak\ 
k=i v / M 11 k=1 11 1 

it is sufficient to show 

N 

- /— \ / 1 v — * 

i A" I 



for a in a subset of second Baire category. The construction uses the standard 
continued fractions expansion of the real numbers, explained in Lemma 13.2.31 

As shown in [15], we have ||<5n«|| < q 1 +1 for any n, so that taking some of 
the quantities opm in (13.5. 1 j) to be large can be done by choosing sequences 

q +1 > a n+ \ increasing sufficiently rapidly. 

We put on R \ Q the topology induced by R. Given any finite sequence a = 
(aa] a±, 0,2, ■ ■ ■ , a n ), the set of numbers having a as their first partial quotients will 
form an open subset of R \ Q. Also, a dense subset of R \ Q must contain a 
number having a as its first partial quotients for any given a. 

Since 

N 



_? k\\ak\\ > N\\aN\\ 
we will use sequences (a ; Oi, a 2 , a 3 , . . . ) such that for any C > 0, 

%±i > a n+1 > CQl 

for some n, so that the bound 0(N 2 ) does not hold. However, a n+ \ has no 
dependence on Q n and there are no restrictions to create such sequences. 
We consider the following open dense subsets of R \ Q, 

S(C) = {(a ; ai, a 2 , a 3 , . . .)\a n+1 > CQl for some n} 

and the denumerable intersection S* = n^S , (fc). Any element of S*, which is of 
second Baire category, will satisfy (13.5. lft . 

Remark 3.5.2. It is mentioned in [12] that the main results of this paper hold 
for a set of Liouville metrics of second Baire's category, however no details of the 
proof of this statement are provided. 
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4. Tori of revolution 

4.1. Statement of results. A torus of revolution T = M 2 /(aiZ © a 2 Z) is a 
two-dimensional torus with the metric 

(4.1.1) ds 2 = U 1 (q 1 )(dq 2 1 +dq 2 2 ), 

where Ui(qi) > is a smooth periodic function on K, satisfying £/i(gi + ai) = 
Ui(qi) for all qi G K. For simplicity, we assume that a\ = a 2 = 1, but all the 
proofs work for arbitrary > 0. 

Definition 4.1.2. Let Q rev be the set of functions Ui, satisfying the following 
conditions: 

(1) Ux G C°°(R). 

(2) Ui(qx + 1) = Ui( qi ) for all qeR. 

(3) The function f/i has exactly one minimum and one maximum in [0,1), 
both nondegenerate. 

The Hamiltonian H (p, q) = L 2 and the first integral S(p, q) = cL 2 are given by 
putting 1/2^2) = in section [2TT1 The eigenvalue estimates found in section [2731 
still hold with 04 = 03 = 0. We keep the notations 

ci = max UAx) = UAMi), c 2 = min UAx) = UAmi), 

0<x<l 0<x<l 

The curve 7 = (-Fi(c), F 2 (c)) for c G [0, c\] is now defined by 

Fx(c)= [ {U 1 {q 1 )-c) 1 ^dq 1 

JUi(qi)>c 

F 2 (c) = c 1 / 2 

and its curvature is denoted by k(c). One can show that for 7 = (t,f(t)), the 
function / satisfies the following asymptotics near t = F\(0), 

m\t - Fx(0)|- 1/2 < |/'(t)| < M\t - F!(0)|- 1/2 

m\t - Fx(0)r 3/2 < \ f"(t)\ < M\t - Fx(0)r 3/2 

for some < m < M. 

The definition of a nondegenerate metric of revolution reads as follows: 

Definition 4.1.3. The metric of revolution ds 2 = Ui(q\)(dq 2 + c?g|) on T is said 
to be nondegenerate if U\ G Q rev and the following conditions hold: 

(1) The curvature k(c) has a finite number of zeros on (c 2 ,Ci\, each of first 
order. 

(2) If k(c) = 0, then F 2 '(c)/Fi'(c) is a typical number (see Definition 12.2. ip . 

(3) The number F 2 ' (ci) / Fx (c{) is typical. 

-1/2 

c 

FA^/FxXcx) = _ M _ 2 ^ {Mi)yi/ 2 
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(4) The number F 2 (c 2 ) / Fi(c 2 ) is typical. 

r 1/2 

F 2 {c 2 )/F 1 {c 2 ) 



Theorem 4.1.4. The spectral counting function of a nondegenerate torus of rev- 
olution admits the following bound on its remainder term: 

R(\) = 0(A 2/3 ). 

Theorem 4.1.5. The set of nondegenerate metrics of revolution is dense in Q rev 
in the Whitney C°° -topology. 

All the proofs of sections ISTTj 13. 2l and l3.3l can be modified to treat the particular 
case of U 2 (q 2 ) = 0. However the density property of the nondegenerate metrics 
of revolution has to be shown in another way. 

4.2. Nondegenerate metrics of revolution are dense. The set of metrics 
satisfying the condition (1) of Definition 14.1.31 is open and dense. It is open 
since the curvature k(c) and its derivatives are continuous functions of Q rev . 
Any function U\ can be approximated in Q rev by analytic functions, using its 
partial Fourier series. Suppose that k(ci) ^ 0, by slightly modifying the analytic 
approximation of U\ if needed. We deduce that n(c) is analytic and has a finite 
number of zeros in (c 2 , Ci), each of finite order. If some zeros are of order greater 
than one, we must perturb U\ to make them first order. Remember that the 
curvature vanishes if and only if (F 2 F 1 — F l F 2 )(c) vanishes, and that their zeros 
are of the same order. Suppose k(c) = and the order of vanishing is greater 
than one. It is sufficient to find U\ such that 

d 



We have 



^% 1+ ^(5)| e=0 ^0 



-(F.F.-F.F^c) 



c-' i/2 f Ui(qi)d qi 3c- 1 / 2 f Ui(qi)dq 



16 Ju l{qi )>-ciUi{qi)-~cfl 2 16 J Ul{qi) >- c iUi{qi)-cfl 2 

< 

if U\ takes nonnegative values and has support sufficiently close to M\. Indeed, if 
the image of supp (£7i) under XJ\ does not contain c, the previous integrands will 
vanish near the ends of the interval of integration. By taking e small enough, the 
zeros of k v , e ^ in a neighbourhood of c will be of first order. We deduce that 
the set of metrics for which (1) holds in Definition 14.1.31 is also dense. 

The last step of the proof requires to find a single perturbation XJ\ of XJ\ so that 
the derivatives in e of the functions in conditions (2), (3) and (4) do not vanish. 
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We still suppose that the support of C7 a is concentrated around Mi, and need 



f Ui(qi)dqi 
Juu qi )>t {Ui{qi)-c)W ^ U 



'Ui{qi)>c 

at each zero c of k, for (2). In condition (3), 

^(c 1 (e)(C/ 1 + e^ 1 )"(Mi(e)) 

does not vanish if U\(qi) can be written as (gi — M 1 ) 2 0(g 1 — Mi) with smooth 
and 0(0) ^ 0. Note that by definition Mi(0) = Mi, ci(0) = ci and 

ci(e) = max {U x + eU^x) = (C/i + e£/i)(Mi(e)) 

0<x<l 



Finally, we need 

Ux{qx)dq x 



7^0 



/o (C/i(?i)-c 2 )^ 

for (4). We can obviously find U\ satisfying all these conditions. 

As in the proof of Theorem 11.3.21 there is an e, as small as required, for which 
U\ + eU\ satisfies simultaneously conditions (2), (3) and (4) of Definition 14.1.31 



5. Infra-Liouville tori 

5.1. Infra-Liouville metrics. Assume that a Liouville torus T admits a finite 
group of translations G leaving the metric invariant, and consider T/G. If G 
is not of the form G\ © G2, where Gi is generated by translations along g i; the 
induced metric on T/G will not be Liouville. Such metrics have been studied 
in [IT], and are called infra-Liouville. If T belongs to the conformal class of the 
square flat torus R 2 /Z 2 , then G is spanned by ((ri,r 2 ), (si,S2)) with r iy Si G Q, 
and there exists (Otj) £ M 2X 2(Z) such that 

1 \ _ / n si \ / an a a2 
1/ V r2 52 / V a21 ° 22 
The invariance of the metric implies 

E%i + ^) - [%) = «jjGl 

and, since + 1) = L^), 



\ _ / Vi Wl \( an ai2 

0/ V f 2 ^2 / \ «21 ^22 



We conclude that v i = and w« = for 2 = 1, 2. 

28 



5.2. Spectral properties of infra-Liouville tori. Let — = inf{z > 0\z = 
xri + ysi and x, y G Z}, so that rij G N. We deduce Ui(qi + — ) = Ui(qi), % = 1,2. 
The eigenfunctions on T/G can be written as products ^i(qi)^2{q2) for which 



(5.2.1) R(a + £) = ^*i(*0 

l* 2 (g 2 + £) = e* "2 ^ 2 (g 2 ) 

with Ij G {0, ■ ■ ■ , rij — 1} and (riZi + r 2 Z 2 , Si/i + S2/2) G Z x Z. 

If both C/j have only one nondegenerate maximum and one nondegenerate min- 
imum on [0, — ), the quantization rules found in Theorem 6.1 of [12] can be gener- 
alized to study solutions satisfying ( 15.2. ip . We can also associate a set of metrics 
Qg to G and such pairs (Ui, U2). A metric in Qq is nondegenerate if the rescaled 

pair (i ll {^ \ ? U 2 (j^j J > which belongs to Q, is nondegenerate according to Def- 
inition 12^21 

Proposition 5.2.2. The remainder term of a nondegenerate infra-Liouville torus 
is of order 0(A 2//3 ), and nondegenerate metrics are dense in Qq- 
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